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This paper deals with the steady Stokes flow on a rectangular domain. A high order com-
pact MAC finite difference scheme based on the staggered grid is developed for solving
Stokes equations with a Dirichlet boundary condition on the velocity. A novel high order
boundary treatment is developed via introducing a suitable augmented variable. The accu-
racy of the proposed method is demonstrated in test problems. Creeping flow solutions for
driven cavity problem are obtained numerically and compared with published results.
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1. Introduction

In this paper we discuss the higher order MAC (Marker and Cell) finite difference approximations to the Stokes equations
in the rectangular domain X ¼ ½a; b� � ½c; d� based on the staggered grid as shown Fig. 1. The governed equations are:
� D~uþrp ¼~f ;
r �~u ¼ 0;

ð1:1Þ
where ~u ¼ ðu; vÞT is the velocity, p is the pressure, and~f ¼ ðf1; f2ÞT is an external force.
A flow that is governed by the Stokes equations is known as a creeping or Stokes flow. Such flow is used for the fluid with

very low Reynolds number. That is, the inertia term of the Navier–Stokes equation is very small compared to the viscous
forces and it is neglected and results in (1.1). See [6] for a brief introduction to the life at low Reynolds number. We refer
[5] for discussions on various methods for solving the viscous incompressible flow at low Reynolds numbers. In [8], the
Stokes flows were studied experimentally and computationally for a vortex mixing and multi-cell flows in slender cavities.
In [2,3], the finite difference methods based on the standard grid using Poisson equation for the pressure (replacing the
divergence free condition) were proposed for the partially or totally periodic boundary condition on the velocity. A similar
approach as in this paper is studied to complete the second order pressure boundary condition. A well known finite element
scheme for the Stokes equation is the Q1� L2 mixed element method. Recently, a Q1� Q1 bilinear element was presented
in [9]. The inf–sup condition for the pressure space was circumvented. Boundary element method were proposed to solve the
Stokes flow in [7,11,12]. By introducing the vorticity x ¼ r�~u, the Stokes flow can also be solved with the vorticity and
stream function equations [1,13,14]: �DW ¼ x, and Dx ¼ �r�~f , where W is the stream function. In [15] a Dirichlet
. All rights reserved.
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Fig. 1. Staggered grid.
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boundary treatment for the second order MAC scheme is developed. Our second order boundary treatment results in the
method in [15] based on a different approach. The approach we used is extended to the fourth order naturally.

In this paper, we develop a compact fourth order MAC finite difference scheme for (1.1) with periodic boundary condi-
tions as well as the Dirichlet boundary conditions. Extension of our approach to the 3-dimensional case is straightforward. In
general, the compact high order schemes are developed using the continuation of solutions by the Taylor series expansion
and the determination of the Taylor coefficients via differentiating equations and boundary conditions, see [18]. It has a local
truncation error of order h4 and is an approximation of compact type as in 2D case it involves eight nearest neighbors of the
point ðx; yÞ about which the differences are taken (hence, the scheme is called compact). This definition of compactness dif-
fers from the definition given in [19]. Such technique has been applied to a variety of elliptic equations, see [25,26,28,29].
Many compact schemes have been well developed for Stokes problems based on the vorticity and stream function equations,
see [20–23,27,30,31].

Our compact scheme is developed for the velocity–pressure formulations of the Stokes equations. The compact scheme is
advantageous since it yields highly accurate numerical solutions and no extra boundary conditions are needed to complete
the system, especially for the divergence free condition. The compact scheme results in matrices with not only much smaller
band-width but also with M property. An advantage of the staggered grid shown in Fig. 1 is that there is no need for pressure
boundary conditions dealing withrp since the pressure nodes are the center of the MAC cell. But we must treat the Dirichlet
boundary condition since some of the velocity nodes are not on the boundary. We introduce an augmented variable at the
boundary and develop a higher order boundary treatment. Such technique is to set g ¼ o

om ðm �~uÞ as part of the unknowns,
which called the augmented variable, along the boundary, which should satisfy the momentum equation projected to the
same boundary, see [2,3]. In [17], an alternative compact fourth order method is developed based on a staggered grid with
pressure nodes at the grid-points.

An outline of the paper is as follows. In Section 2 we develop the compact fourth order scheme for the case of periodic
boundary conditions. In Section 3 we discuss the case of Dirichlet boundary conditions. We use boundary flux as augmented
variables to complete the system. In Section 4 we present numerical validation of the proposed schemes. Driven cavity flows
in rectangle domains are used to verify the feasibility of the method.
2. Periodic boundary condition

In this section we consider (1.1) with periodic boundary conditions in the square X ¼ ½0;1� � ½0;1�.

2.1. Second order method

Let ~u ¼ ðu; vÞ and h ¼ 1
N. The standard second order method is defined by
� uiþ1;jþ1
2 � 2ui;jþ1

2 þ ui�1;jþ1
2

h2 � ui;jþ3
2 � 2ui;jþ1

2 þ ui;j�1
2

h2 þ piþ1
2;jþ

1
2 � pi�1

2;jþ
1
2

h
¼ f

i;jþ1
2

1 ;

� viþ3
2;j � 2viþ1

2;j þ vi�1
2;j

h2 � viþ1
2;jþ1 � 2viþ1

2;j þ viþ1
2;j�1

h2 þ piþ1
2;jþ

1
2 � piþ1

2;j�
1
2

h
¼ f

iþ1
2;j

2 ;

uiþ1;jþ1
2 � ui;jþ1

2

h
þ viþ1

2;jþ1 � viþ1
2;j

h
¼ 0; ð2:1Þ
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with periodic conditions
uiþN;jþ1
2þN ¼ ui;jþ1

2; viþ1
2þN;jþN ¼ viþ1

2;j; piþ1
2þN;jþ1

2þN ¼ piþ1
2;jþ

1
2;
for all 0 6 i; j 6 N � 1. Here
ui;jþ1
2 � u ih; jþ 1

2

� �
h

� �
;

viþ1
2;j � v iþ 1

2

� �
h; jh

� �
;

piþ1
2;jþ

1
2 � p iþ 1

2

� �
h; jþ 1

2

� �
h

� �
:

System (2.1) is written in the form
Hu� BT
1p ¼ f1;

Hv� BT
2p ¼ f2;

B1uþ B2v ¼ 0:

ð2:2Þ
The symmetric matrix H ¼ H0 � I þ I � H0, where � is the Kronecker product and the symmetric matrix H0 2 RN�N has non-
zero entries:
H0
i;i ¼ 2N2; H0

i;i�1 ¼ H0
i�1;i ¼ �N2 and HN;1 ¼ H1;N ¼ �N2:
And B1 ¼ D0 � I, B2 ¼ I � D0 with the difference matrix D0 2 RN�N:
D0
i;iþ1 ¼ N; D0

i;i ¼ �N; D0
N;1 ¼ N:
Also, note that B1H ¼ HB1 and B2H ¼ HB2. Thus, (2.2) is equivalently written as
Hu� BT
1p ¼ f1;

Hv� BT
2p ¼ f2;

� Hp ¼ B1f1 þ B2f2;

ð2:3Þ
where we used H ¼ B1BT
1 þ B2BT

2. That is, the pressure is determined by solving a Poisson equation, separately.

2.2. Compact fourth order method

In this section we develop the compact fourth order difference scheme for the periodic boundary condition. Note that
/ xþ h
2 ; y

� �
� / x� h

2 ; y
� �

h
¼ /xðx; yÞ þ

h2

24
/xxxðx; yÞ þ Oðh4Þ: ð2:4Þ
We apply (2.4) for / ¼ p at ðih; ðjþ 1
2ÞhÞ and note that since pxx þ pyy ¼ r �~f � F,
pxxx ¼ Fx � pxyy; pyyy ¼ Fy � pxxy:
Here we approximate pxyy by
pxyyðih; jþ 1
2

� �
hÞ � piþ1

2;jþ
3
2 � 2piþ1

2;jþ
1
2 þ piþ1

2;j�
1
2

h2 � pi�1
2;jþ

3
2 � 2pi�1

2;jþ
1
2 þ pi�1

2;j�
1
2

h2

 !
1
h
; ð2:5Þ
in the second order. Thus we obtain the fourth order difference of pxðih; ðjþ 1
2ÞhÞ:
px ih; jþ 1
2

� �
h

� �
� piþ1

2;jþ
1
2 � pi�1

2;jþ
1
2

h
þ 1

24h
piþ1

2;jþ
3
2 � 2piþ1

2;jþ
1
2 þ piþ1

2;j�
1
2

� �
� pi�1

2;jþ
3
2 � 2pi�1

2;jþ
1
2 þ pi�1

2;j�
1
2

� �� �
� h2

24
F

i;jþ1
2

x :
Similarly, we have
py iþ 1
2

� �
h; jh

� �
� piþ1

2;jþ
1
2 � piþ1

2;j�
1
2

h
þ 1

24h
piþ3

2;jþ
1
2 � 2piþ1

2;jþ
1
2 þ pi�1

2;jþ
1
2

� �
� piþ3

2;j�
1
2 � 2piþ1

2;j�
1
2 þ pi�1

2;j�
1
2

� �� �
� h2

24
F

iþ1
2;j

y :
For the Laplacian terms note that
uiþ1;jþ1
2 � 2ui;jþ1

2 þ ui�1;jþ1
2

h2 þ ui;jþ3
2 � 2ui;jþ1

2 þ ui;j�1
2

h2 ¼ uxx þ uyy þ
h2

12
ðuxxxx þ uyyyyÞ þ Oðh4Þ; ð2:6Þ
and
uxxxx þ uyyyy ¼ ðpxx þ pyyÞx � ððf1Þxx þ ðf1ÞyyÞ � 2uxxyy: ð2:7Þ
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Here uxxyy can be approximated in the second order based on the standard 9-point stencils at ðih; jþ 1
2 hÞ by
h2uxxyy �
uiþ1;jþ3

2 � 2ui;jþ3
2 þ ui�1;jþ3

2

h2 � 2
uiþ1;jþ1

2 � 2ui;jþ1
2 þ ui�1;jþ1

2

h2 þ uiþ1;j�1
2 � 2ui;j�1

2 þ ui�1;j�1
2

h2 :
Thus, we obtain the fourth order difference scheme for u-equation:
10
3

ui;jþ1
2 � 2

3
ui;j�1

2 þ ui�1;jþ1
2 þ uiþ1;jþ1

2 þ ui;jþ3
2

� �
� 1

6
ui�1;j�1

2 þ ui�1;jþ3
2 þ uiþ1;j�1

2 þ uiþ1;jþ3
2

� �� �
1

h2 þ
piþ1

2;jþ
1
2 � pi�1

2;jþ
1
2

h

þ 1
24h

piþ1
2;jþ

3
2 � 2piþ1

2;jþ
1
2 þ piþ1

2;j�
1
2

� �
� pi�1

2;jþ
3
2 � 2pi�1

2;jþ
1
2 þ pi�1

2;j�
1
2

� �� �
þ h2

24
F

i;jþ1
2

x ¼ 2
3

f
i;jþ1

2
1 þ 1

12
f

i�1;jþ1
2

1 þ f
iþ1;jþ1

2
1 þ f

i;jþ3
2

1 þ f
i;j�1

2
1

� �
: ð2:8Þ
Similarly, for v-equation:
10
3

viþ1
2;j � 2

3
vi�1

2;j þ viþ1
2;j�1 þ viþ1

2;jþ1 þ viþ3
2;j

� �
� 1

6
vi�1

2;j�1 þ vi�1
2;jþ1 þ viþ3

2;j�1 þ viþ3
2;jþ1

� �� �
1

h2

þ piþ1
2;jþ

1
2 � piþ1

2;j�
1
2

h
þ 1

24h
piþ3

2;jþ
1
2 � 2piþ1

2;jþ
1
2 þ pi�1

2;jþ
1
2

� �
� piþ3

2;j�
1
2 � 2piþ1

2;j�
1
2 þ pi�1

2;j�
1
2

� �� �
þ h2

24
F

iþ1
2;j

y ¼ 2
3

f
iþ1

2;j
2 þ 1

12
f

i�1
2;j

2 þ f
iþ1

2;j�1
2 þ f

iþ1
2;jþ1

2 þ f
iþ3

2;j
2

� �
: ð2:9Þ
For the divergence free condition we note that
uxxx ¼ �vxxy; vyyy ¼ �uxyy:
Using the same procedure as above, we have the fourth order difference scheme for the divergence free condition:
uiþ1;jþ1
2 � ui;jþ1

2

h
þ 1

24h
uiþ1;jþ3

2 � 2uiþ1;jþ1
2 þ uiþ1;j�1

2

� �
� ui;jþ3

2 � 2ui;jþ1
2 þ ui;j�1

2

� �� �
þ viþ1

2;jþ1 � viþ1
2;j

h

þ 1
24h

viþ3
2;jþ1 � 2viþ1

2;jþ1 þ vi�1
2;jþ1

� �
� viþ3

2;j � 2viþ1
2;j þ vi�1

2;j
� �� �

¼ 0: ð2:10Þ
The local matrix representation of approximations to �D, o
ox and o

oy, and the mass matrix are given by
1

h2

� 1
6 � 2

3 � 1
6

� 2
3

10
3 � 2

3
� 1

6 � 2
3 � 1

6

0@ 1A; 1
h

� 1
24

1
24

� 11
12

11
12

� 1
24

1
24

0@ 1A; 1
h

1
24

11
12

1
24

� 1
24 � 11

12 � 1
24

� �
;

0 1
12 0

1
12

2
3

1
12

0 1
12 0

0@ 1A: ð2:11Þ
System (2.8)–(2.10) is written in the form
Hu� BT
1p ¼ Qf1

Hv� BT
2p ¼ Qf2

B1uþ B2v ¼ 0;
where Q, the mass matrix, and the corresponding matrices ðH;B1;B2Þ are as described above. Again we have HB1 ¼ B1H and
HB2 ¼ B2H and we have
Hu� BT
1p ¼ Qf1;

Hv� BT
2p ¼ Qf2;

� bHp ¼ B1Qf1 þ B2Qf2;

ð2:12Þ
where bH ¼ B1BT
1 þ B2BT

2. Hence we have
ðHu1;u2Þ þ ðHu2;u2Þ ¼ ðQf1;u1Þ þ ðQf2; u2Þ; �ðbHp;pÞ ¼ ðBT
1p;Qf1Þ þ ðBT

2p;Qf2Þ; ð2:13Þ

which shows the stability of system (2.8)–(2.10) and provides an error estimate using the standard analysis.

3. Dirichlet boundary condition

In this section we consider (1.1) with no-slip Dirichlet boundary conditions on velocities in the square domain
X ¼ ½0;1� � ½0;1�:
� D~uþrp ¼~f in X

r �~u ¼ 0 in X;
~u ¼ 0; on oX:

ð3:1Þ
This system is proven to be well-posed in [24].
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3.1. Second order method

We use augmented variables ou
om ¼ g1 at the sides y ¼ 0 and y ¼ 1 with 0 6 x 6 1. Then at y ¼ h

2, we have
o2u
oy2 ih;

h
2

� �
¼

ou
oy ðih;hÞ � ou

oy ðih;0Þ
h

þ OðhÞ ¼
ui;32�ui;12

h � gi;0
1

h
þ OðhÞ:
Similarly, at y ¼ 1� h
2, we have
o2u
oy2 ih;1� h

2

� �
¼

ui;32�ui;12

h � gi;N
1

h
þ OðhÞ:
So for 1 6 i 6 N � 1, we can have the first order difference scheme for the Laplacian term of u at y ¼ h
2 and y ¼ 1� h

2:
� ui;32 � ui;12

h2 � gi;0
1

h
� uiþ1;12 � 2ui;12 þ ui�1;12

h2 þ piþ1
2;

1
2 � pi�1

2;
1
2

h
¼ f

i;12
1 ; ð3:2Þ

ui;N�1
2 � ui;N�3

2

h2 � gi;N
1

h
� uiþ1;N�1

2 � 2ui;N�1
2 þ ui�1;N�1

2

h2 þ piþ1
2;N�

1
2 � pi�1

2;N�
1
2

h
¼ f

i;N�1
2

1 : ð3:3Þ
Otherwise, for 1 6 j 6 N � 2, we have the second order difference scheme for the Laplacian term of u:
�uiþ1;jþ1
2 � 2ui;jþ1

2 þ ui�1;jþ1
2

h2 � ui;jþ3
2 � 2ui;jþ1

2 þ ui;j�1
2

h2 þ piþ1
2;jþ

1
2 � pi�1

2;jþ
1
2

h
¼ f

i;jþ1
2

1 : ð3:4Þ
Here, u0;jþ1
2 ¼ uN;jþ1

2 ¼ 0; 0 6 j 6 N � 1:
Suppose we treat the boundary conditions
uyðx;0Þ ¼ uyðx;1Þ ¼ 0; 0 < x < 1;
then we set gi;0
1 ¼ gi;N

1 ¼ 0 and the equation is completed for u. For the Dirichlet boundary condition we use the boundary
condition uðx;0Þ ¼ uðx;1Þ ¼ 0 to complete the system. The first order Taylor series approximation of u at y ¼ 0 and y ¼ 1 re-
sults in
ui;12 þ gi;0
1

h
2
¼ 0; ui;N�1

2 þ gi;N
1

h
2
¼ 0:
Similarly, for v-equation we use augmented variable ov
om ¼ g2 at the sides x ¼ 0 and x ¼ 1 with 0 6 y 6 1.

For the Laplacian term of u, we have
A1 ¼ H2 � I þ I � H1;
where the tridiagonal matrices H1 and H2 are given by
H1 ¼ N2

3 �1

�1 2 �1

� � �
�1 2 �1

�1 3

0BBBBBB@

1CCCCCCA 2 RN;N;

H2 ¼ N2

2 �1

�1 2 �1

� � �
�1 2 �1

�1 2

0BBBBBB@

1CCCCCCA 2 RN�1;N�1:
Similarly, for the Laplacian term of v we have
A2 ¼ H1 � I þ I � H2:
For the divergence free condition r �~u ¼ 0, we have
B1uþ B2v ¼ 0;
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with B1 ¼ D� I; B2 ¼ I � D, where the bi-diagonal matrix D is given by
D ¼ N

1
�1 1

� �
�1 1

�1

0BBBBB@

1CCCCCA 2 RN�1;N�1:
For �rp, we have
½�C1p � C2p�;
with C1 ¼ DT � I; C2 ¼ I � DT.
So, the second order scheme for the Stokes system with Dirichlet boundary on the velocity can be written as
A1 0 C1

0 A2 C2

B1 B2 0

0B@
1CA u

v

�p

0B@
1CA ¼ f1

f2

0

0B@
1CA: ð3:5Þ
We will reduce (3.5) into the form (2.3) by noting that
A3 ¼ BC ¼ H3 � I þ I � H3;
where B ¼ ðB1;B2Þ;C ¼ ðC1;C2ÞT, and the tri-diagonal matrix H3 is given by
H3 ¼ N2

1 �1
�1 2 �1

� � �
�1 2 �1

�1 1

0BBBBBB@

1CCCCCCA 2 RN�1;N�1;
and corresponds to the central difference approximation to �Dp with the Neumann boundary conditions on the square. It
can be shown that
B1A1uþ B2A2v ¼ D1uþ D2v;
with
D1 ¼ 2N3I � O; D2 ¼ 2N3O� I;
where O 2 RN;N�1 has two nonzero elements O11 ¼ �1 and ON;N�1 ¼ 1. Thus (3.5) is equivalently to
A1 0 C1

0 A2 C2

D1 D2 A3

0B@
1CA u

v

�p

0B@
1CA ¼ f1

f2

B1f1 þ B2f2

0B@
1CA: ð3:6Þ
The third equation of (3.6) is equivalent to the pressure boundary condition for the pressure Poisson equation
�Dp ¼ r �~f . That is, by the Taylor approximation, we have
uðh; yÞ � uð0; yÞ þ uxð0; yÞhþ
h2

2
uxxð0; yÞ;
where
uð0; yÞ ¼ uxð0; yÞ ¼ 0; uxxð0; yÞ ¼ pxð0; yÞ:
Thus,
pxð0Þ ¼
2

h2 uðh; yÞ:
3.2. Efficient algorithm

We let
A ¼
A1 0 C1

0 A2 C2

B1 B2 0

0B@
1CA and E ¼

bA1 0 C1

0 bA2 C2

B1 B2 0;

0B@
1CA
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where
bA1 ¼ H3 � I þ I � H2; bA2 ¼ H2 � I þ I � H3:
Then, Eðu; v;�pÞT ¼ ðf1; f2;0ÞT is equivalently written as
bA1 0 C1

0 bA2 C2

0 0 A3

0B@
1CA u

v

�p

0B@
1CA ¼ f1

f2

B1f1 þ B2f2;

0B@
1CA
and it can be solved by the FFT-based method since the eigen-vectors of bA1, bA2 and A3 are given by
cos kp
i� 1

2

N

� �
sin ‘p j

N

� �� 	
; sin kp i

N

� �
cos ‘p

j� 1
2

N

� �� 	
; cos kp

i� 1
2

N

� �
cos ‘p

j� 1
2

N

� �� 	
;

respectively.
Consider the post-conditioned system AE�1�x ¼ b with E�1�x ¼ ðu; v;�pÞT and b ¼ ðf1; f2;0ÞT. Note that if x̂ ¼ �x� b, then
AE�1x̂ ¼ b� AE�1b ¼ �ðA� EÞE�1b ¼ b̂ 2 X ¼ range ðA� EÞ;
where we used AE�1 ¼ ðA� EÞE�1 þ I. Thus, x̂ 2 X satisfies the reduced order system [16] in X:
ðA� EÞE�1x̂þ x̂ ¼ b̂; ð3:7Þ
with
A� E ¼
A1 � bA1 0 0

0 A2 � bA2 0
0 0 0;

0B@
1CA
and dimðXÞ ¼ 4ðN � 1Þ. That is, (3.7) provides an efficient method to solve (3.5) [16].

3.3. Convergence analysis

Let
Ui;jþ1
2 ¼ 1

h

Z ðjþ1Þh

jh
uðih; yÞdy;

Viþ1
2;j ¼ 1

h

Z ðiþ1Þh

ih
vðx; jhÞdx:
Integrating
1

h2

Z ðiþ1Þh

ih

Z ðjþ1Þh

jh
ðux þ vyÞdxdy ¼ 0;
we have
Uiþ1;jþ1
2 � Ui;jþ1

2

h
þ Viþ1

2;jþ1 � Viþ1
2;j

h
¼ 0:
Let
Uðx; yÞ ¼ 1
h

Z yþh
2

y�h
2

uðx; sÞds:
Then U satisfies
�ðUxx þ UyyÞ þ
Z yþh

2

y�1
2

pðx; sÞds

 !
x

¼
Z yþh

2

y�1
2

f1ðx; sÞds;
with
Uyy ¼
uyð�; hÞ � uyð�;0Þ

h
at y ¼ h

2
:

Thus, we have the truncation error at ði; jþ 1
2Þ; j 6¼ 0;N � 1,
Ei;jþ1
2 � h2�i;jþ1

2;
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with
�i;jþ1
2 ¼ 1

12
ðUxxxx þ UyyyyÞ þ

1
24

hðpxx þ pyyÞx at ih; jþ 1
2

� �
h

� �
;

for
ðduÞi;jþ
1
2 ¼ ui;jþ1

2 � Ui;jþ1
2; dpiþ1

2;jþ
1
2 ¼ piþ1

2;jþ
1
2 � p iþ 1

2

� �
h; jþ 1

2

� �
h

� �
:

At ðih; h
2Þ, note that
Ui;12 ¼ 1
h

Z h

0
uðih; yÞdy ¼ h

2
uyðih;0Þ þ

h2

6
uyyðih;0Þ þ Oðh3Þ:
Thus we have the truncation error at ði; 1
2Þ
Ei;12 � h2�i;12 þ h2 1
3

uyyðih; 0Þ;
with
�i;jþ1
2 ¼ 1

12
ðUxxxx þ uyyyyÞ þ

1
24

hðpxx þ pyyÞx at ih; jþ 1
2

� �
h

� �
:

Similarly, we have the truncation error analysis at ði;N � 1
2Þ and for
ðdvÞiþ
1
2;j ¼ viþ1

2;j � Viþ1
2;j:
In summary the error ðdu; dv; dpÞ satisfies (3.5) with the corresponding truncation errors. Multiplying ðdu; dv; dpÞ, we obtain
Uðdu; dvÞ ¼
XX

h2ðjDi;jþ1
2

x uj2 þ jDi;jþ1
2

y uj2 þ jDiþ1
2;j

x vj2 þ jDiþ1
2;j

y vj2Þ þ
X
ðjui;12j2 þ jui;N�1

2j2Þ þ
X
ðjv1

2;jj2 þ jvN�1
2;jj2Þ

¼
X

h4ð�i;jþ1
2ui;jþ1

2 þ �iþ1
2;jviþ1

2;jÞ þ
X

h2ðuyyðih;0Þui;12 þ uyyðih;1Þui;N�1
2Þ þ

X
h2ðvxxð0; jhÞv

1
2;j þ vxxð1; jhÞvN�1

2;jÞ;
where
D
i;jþ1

2
x u ¼ ui;jþ1

2 � ui�1:jþ1
2

h
D

i;jþ1
2

y u ¼ ui;jþ1
2 � ui:j�1

2

h

D
iþ1

2;j
x v ¼ uiþ1

2;j � ui�1
2;j

h
D

iþ1
2;j

y v ¼ viþ1
2;j � viþ1

2;j�1

h
:

Hence
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Uðdu; dpÞ

p
6 Ch2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXX
h2j�i;jþ1

2j2 þ j�iþ1
2;jj2

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
ðjuyyðih;0Þj2 þ juyyðih;1Þj2Þ þ

X
ðjvxxð0; jhÞj2 þ jvxxð1; jhÞj2Þ

q
:

3.4. Fourth order method for Dirichlet boundary condition

We first have an error estimate at y ¼ h
2 and x ¼ ih;1 6 i 6 N � 1 for the second order difference (3.2)
ui;32�ui;12

h þ gi;0
1

h
þ uiþ1;12 � 2ui;12 þ ui�1;12

h2 ¼ uxxðx; yÞ þ uyyðx; yÞ þ
h

24
uyyyðx;0Þ þ

h2

12
ðuxxxxðx; yÞ þ uyyyyðx; yÞÞ þ Oðh3Þ: ð3:8Þ
Here, we used
ui;32�ui;12

h þ gi;0
1

h
¼ uyyðx; yÞ þ

h
24

uyyyðx; yÞ þ
3h2

48
uyyyyðx; yÞ þ Oðh3Þ;
and
uyyyðx;0Þ ¼ uyyyðx; yÞ �
h
2

uyyyyðx; yÞ þ Oðh2Þ:
From (2.7), we have
uxxxx þ uyyyy ¼ �2uxxyy þ Fx � Df1;
with the first order approximation
h2uxxyy x;
h
2

� �
� uiþ1;32 � 2ui;32 þ ui�1;32

h2 � 2
uiþ1;12 � 2ui;12 þ ui�1;12

h2 þ hðg1Þxxðx;0Þ:
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Note that
piþ1
2;

1
2 � pi�1

2;
1
2

h
¼ pxðx;

h
2
Þ þ h2

24
pxxx x;

h
2

� �
þ Oðh4Þ;
with
�pxxx x;
h
2

� �
¼ pxyy x;

h
2

� �
� Fx x;

h
2

� �
¼

piþ1
2
;3
2�piþ1

2
;1
2� piþ1

2
;3
2�piþ1

2
;3
2

� �
h2 � pxyðx;0Þ

h
� Fx x;

h
2

� �
þ OðhÞ;
and
uyyyðx;0Þ ¼ pxyðx;0Þ � ðf1Þyðx;0Þ � uxxyðx; 0Þ;
ðg1Þxxðx;0Þ ¼ �uxxyðx;0Þ since uyðx; 0Þ ¼ �g1ðx;0Þ:
Thus,
px x;
h
2

� �
þ h

24
uyyy x;

h
2

� �
¼ piþ1

2;
1
2 � pi�1

2;
1
2

h
þ 1

24
piþ1

2;
3
2 � piþ1

2;
1
2

h
� pi�1

2;
3
2 � pi�1

2;
1
2

h

 !

þ h
24
ðg1Þxxðx;0Þ �

h2

24
Fx x;

h
2

� �
� h

24
ðf1Þyðx; 0Þ þ Oðh3Þ:
Since uxx þ uyy � px þ f1 ¼ 0, by substituting these into (3.8) we obtain
� ui;32 � ui;12

h2 � uiþ1;12 � 2ui;12 þ ui�1;12

h2 � 1
6

uiþ1;32 � 2ui;32 þ ui�1;32

h2 � 2
uiþ1;12 � 2ui;12 þ ui�1;12

h2

 !
� 1

h
gi;0

1 þ
h2

8
ðg1Þxxðx;0Þ

 !

þ piþ1
2;

1
2 � pi�1

2;
1
2

h
þ 1

24
piþ1

2;
3
2 � piþ1

2;
1
2

h
� pi�1

2;
3
2 � pi�1

2;
1
2

h

 !
þ h2

24
Fx x;

h
2

� �
� h

24
ðf1Þyðx;0Þ

¼ f
i;12
1 þ

h2

12
Dðf1Þ x;

h
2

� �
þ Oðh3Þ: ð3:9Þ
Now, for the boundary condition uðx;0Þ ¼ 0 we use the third order Taylor series expansion
ui;12 ¼ � h
2

gi;0
1 þ

h2

8
uyyðx; 0Þ þ

h3

48
uyyyðx;0Þ þ Oðh4Þ; ð3:10Þ
where
uyyðx;0Þ ¼ uyy x;
h
2

� �
� h

2
uyyyðx;0Þ þ Oðh2Þ;
and
uyy x;
h
2

� �
¼ �uiþ1;12 � 2ui;12 þ ui�1;12

h2 þ piþ1
2;

1
2 � pi�1

2;
1
2

h
� f1 x;

h
2

� �
þ Oðh2Þ:
Here, we have
uyyyðx;0Þ ¼ pxyðx;0Þ � ðf1Þyðx;0Þ � uxxyðx;0Þ: ð3:11Þ
Note that
uxxyðx;0Þ þ vxyyðx;0Þ ¼ 0;
vxyyðx;0Þ ¼ �vxxx � ðf2Þx þ pxyðx;0Þ; vxxxðx;0Þ ¼ 0:

ð3:12Þ
By substituting (3.12) to (3.11), we have
uyyyðx;0Þ ¼ �2uxxyðx;0Þ � ðf1Þy þ ðf2Þx: ð3:13Þ
From (3.10)
ui;12 ¼ � h
2

gi;0
1 þ

h2

8
uyy x;

h
2

� �
� h3

24
uyyyðx;0Þ þ Oðh4Þ

¼ � h
2

gi;0
1 þ

h2

8
�uiþ1;12 � 2ui;12 � ui�1;12

h2 þ piþ1
2;

1
2 � pi�1

2;
1
2

h
� f1 x;

h
2

� � !
þ h3

24
ð�2ðg1Þxx þ ðf1Þy � ðf2ÞxÞ þ Oðh4Þ: ð3:14Þ



Au

Av

B1 B2

C1

C2

u∂Ω

v∂Ω

g1
g2

Fig. 2. The discretization matrix for the fourth order scheme with Dirichlet boundary condition on the velocity.
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For the divergence free condition, note that
�vyyyðx;
h
2
Þ ¼ uxyyðx;

h
2
Þ ¼

uiþ1;32�ui;32�ðuiþ1;12�ui;12Þ
h2 � uxyðx;0Þ

h
þ Oðh3Þ:
Thus, at ðih; h
2Þ, i.e., j ¼ 0, from (2.4) we have
uiþ1;jþ1
2 � ui;jþ1

2

h
þ 1

24h
uiþ1;jþ3

2 � ui;32
� �

� uiþ1;jþ1
2

� �
� ui;jþ1

2

� �� �
þ 1

24
ðgiþ1;0

1 � gi;0
1 Þ þ

viþ1
2;jþ1 � viþ1

2; j
h

þ 1
24h

viþ3
2;jþ1 � 2viþ1

2;jþ1 þ vi�1
2;jþ1

� �
� viþ3

2;j � 2viþ1
2;j þ vi�1

2;j
� �� �

¼ 0: ð3:15Þ
Exactly the same treatment as (3.9), (3.14) and (3.15) should be applied at y ¼ 1 for �Duþ px ¼ f1 and at x ¼ 0;1 for
�Dvþ py ¼ f2. So, we have a complete system for unknowns ðu; g1; v; g2; pÞ for the fourth order discretization of the Stokes
system (3.1). Fig. 2 shows the sketch of the discretization matrix for this system. In this figure, Au and Av are for the Laplacian
term of u and v separately; C1 and C2 are for the -grad p; B1 and B2 are for the divergence free condition; the line block uoX

and voX are for the complementary boundary conditions on u and v separately; and the column block g1 and g2 are for the
augment variables g1 and g2 separately.

4. Method validation

4.1. An example with exact solutions

Now we demonstrate the accuracy of our second and fourth order schemes.
The computational domain is X ¼ ½0;1� � ½0;1�. The constructed exact solutions are
u ¼ ð1� cosð2pxÞÞ sinð2pyÞ; v ¼ �ð1� cosð2pyÞÞ sinð2pxÞ;

p ¼ 1
3

x3:
ð4:1Þ
So, we have the no-slip boundary condition for the velocity ~u ¼ ðu; vÞ. The force~f is
f1 ¼ �4p2ð2 cosð2pxÞ � 1Þ sinð2pyÞ þ x2;

f2 ¼ 4p2ð2 cosð2pyÞ � 1Þ sinð2pxÞ;
ð4:2Þ
which is determined from the constructed solution and the governing Stokes equations. In Table 1, we show the grid refine-
ment analysis by halving the mesh size in each coordinate direction. In the table, kEnð�Þk1 is the infinity norm of the error
according to u; v and p on the corresponding staggered grid points. The order of convergence is defined as
Orderð�Þ ¼ logðkEn=2ð�Þk1=kEnð�Þk1Þ
log 2

: ð4:3Þ



Table 1
The grid refinement analysis of the solutions for the constructed example

n kEnðuÞk1 Order (u) kEnðvÞk1 Order (v) kEnðpÞk1 Order (p)

4 3:3050� 10�1 3:3050� 10�1 5:2083� 10�3

8 9:7985� 10�2 1.7540 9:7985� 10�2 1.7540 1:3021� 10�3 2.0000
16 2:5404� 10�2 1.9475 2:5404� 10�2 1.9475 3:2552� 10�4 2.0000
32 6:4069� 10�3 1.9873 6:4069� 10�3 1.9873 8:1380� 10�5 2.0000
64 1:6052� 10�3 1.9969 1:6052� 10�3 1.9969 2:0345� 10�5 2.0000

Second order convergence is confirmed.
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For our second and fourth order schemes, the claimed order can be seen clearly. Moreover, we did the same analysis for ux

and vy with the second order method in Table 2. Note that these quantities are defined at the mesh center points so as p in
our staggered grid setup. Table 2 shows that they are of the second order and also Table 1 for the pressure p is of the full
order. The standard analysis may only yield to first order convergence for these quantities. It means that our second order
scheme has a super convergence property of the quantities defined at the grid-points. Table 3 shows that the pressure p is of
fourth order. It is expected that the super convergence property is valid for ux and vy for the fourth order scheme. But for such
analysis, we must use high order interpolations of ux and vy. We also tested both schemes for the rectangular domains with
the exact solutions, similar to (4.1), and we have observed the desired order.

4.2. Driven cavity in rectangular domains

We consider a rectangular driven cavity of aspect ratio (width/height) A ¼ 0:75 and r � UA=UB ¼ 1, which is taken from
[7] with boundary conditions:
Table 2
The grid

n

4
8

16
32
64

Second

Table 3
The grid

n

4
8

16
32
64

Fourth
u ¼
0; x ¼ 0; A

1; y ¼ 0; 1

�
v ¼ 0:

ð4:4Þ
Here UA is the velocity value on the top wall, and UB is the velocity value on the bottom wall.
In Fig. 3 we present our results for the internal velocity field for A ¼ 0:75 with h ¼ Dx ¼ Dy ¼ 1

20. It shows the separations
of up and down circulation flows due to the same directional boundary velocity. As tested in (4.4), we also use our second
and fourth order methods for the rectangular driven cavity flow for A ¼ 0:75 and A ¼ 0:25 with a different set of boundary
velocities: UA ¼ UB ¼ 1; UA ¼ 1;UB ¼ �1, which were reported in [8,10]. In Fig. 4 we present the four different cases. Our
resulting flows match very well with those reported in [8,10]. Figures are for the fourth order method. And they are
generated by matlab routine streamlineðx; y;u; v; sx; syÞ.

In Table 4 we report for an error analysis for the second order method for the square driven cavity. Since the exact
solution has singularities at the four corners (i.e., u; v do not belong to H1ðXÞ and p is a distribution.) due to the boundary
refinement analysis of the derivative of the velocities for the constructed example

kEnðuxÞk1 Order (ux) kEnðvyÞk1 Order (vy)

3:4784� 10�1 3:4784� 10�1

1:4036� 10�1 1.3093 1:4036� 10�1 1.3093
3:9012� 10�2 1.8472 3:9012� 10�2 1.8472
1:0007� 10�2 1.9628 1:0007� 10�2 1.9628
2:5179� 10�3 1.9908 2:5179� 10�3 1.9908

order convergence is confirmed.

refinement analysis of the solutions for the constructed example

kEnðuÞk1 Order (u) kEnðvÞk1 Order (v) kEnðpÞk1 Order (p)

6:5634� 10�2 6:5622� 10�2 9:8625� 10�2

2:9419� 10�3 4.4796 2:9403� 10�3 4.4801 8:7720� 10�3 3.4910
1:1569� 10�4 4.6684 1:1556� 10�4 4.6692 1:6138� 10�3 2.4424
4:4844� 10�6 4.6892 4:4792� 10�6 4.6893 1:7495� 10�4 3.2055
2:1626� 10�7 4.3741 2:1596� 10�7 4.3744 1:7326� 10�5 3.3361

order convergence is confirmed.







8190 K. Ito, Z. Qiao / Journal of Computational Physics 227 (2008) 8177–8190
[29] S. Karaa, J. Zhang, High order ADI method for solving unsteady convection–diffusion problems, J. Comput. Phys. 198 (2004) 1–9.
[30] W.F. Spotz, G.F. Carey, High-order compact scheme for the steady stream-function vorticity equation, Int. J. Numer. Meth. Eng. 38 (1995) 3497–3512.
[31] E. Erturk, C. Gökcöl, Fourth-order compact formulation of Navier–Stokes equations and driven cavity flow at high Reynolds numbers, Int. J. Numer.

Meth. Fluids 50 (2006) 421–436.


	A high order compact MAC finite difference scheme for the stokes Stokes equations: Augmented variable approach
	Introduction
	Periodic boundary condition
	Second order method
	Compact fourth order method

	Dirichlet boundary condition
	Second order method
	Efficient algorithm
	Convergence analysis
	Fourth order method for dirichlet Dirichlet boundary condition

	Method validation
	An example with exact solutions
	Driven Cavity cavity in rectangular domains

	Conclusions
	Acknowledgments
	References


